While HIV entry into host cells has been extensively studied from a biological and biochemical perspective, the influence of mechanical parameters of virions and cells on engulfment and invagination is not well understood. The present work aimed at developing a mathematical model to quantify effects of mechanical and morphological parameters on engulfment forces and energies of HIV particles. Invagination force and engulfment energy were described as analytical functions of radius and elastic modulus of virion and cell, ligand-receptor energy density, receptor complex density, and engulfment depth for early stage engulfment. The models were employed to study the effects of (a) virion-membrane contact geometry on required invagination force for global cell geometries and ultrastructural cell membrane features, and (b) virion radius and number of gp120 proteins on engulfment energy. The invagination force was equal for cells of various sizes (i.e. macrophages and lymphocytes), but lower when considering ultrastructural membrane. The magnitude of the normalised engulfment energy was higher for a mature than for an immature, larger virion with the same number of 72 gp120 spikes, but it decreased for a mature virion with a reduced number of gp120 spikes. The results suggest that for early stage engulfment (1) localised cell membrane features promote invagination and may play a role in entry ability, and (2) shedding of gp120 proteins during maturation reduces engulfment energy which is expected to reduce entry ability.
Introduction
The mechanism of HIV entry into host cells has been extensively studied, however there is limited research on how mechanical factors influence this entry process. Mathematical modelling of the mechanical interactions between virion and cell membrane allows for a quantification of forces and energies involved in virion engulfment and can as such provide data that are not easily accessible with experimental approaches.
Mathematical models have been used to investigate how contact force, mechanical work, and pressure varied with engulfment depth of the virion (Gefen, 2010; Sun and Wirtz, 2006) . Gefen (2010) studied the impact of virion size and cell stiffness on the forces, work and pressures during virion engulfment, limited to small cellular deformations. Both studies assumed a uniform global radius of the host cell (which is very large compared to the radius of the virion) and did not account for morphological irregularities on the cellular surface at micro-or nanoscale. However, electron microscopy images of the HIV-cellular interaction (Gentile et al., 1994) reveal a cellular surface with local curvatures in the nanometre range.
Such localised surface features of the cell membrane may indeed play a role in the virion-cell interactions during engulfment and endocytosis and the likelihood of viral infection of a cell.
It has been reported that mature HIV particles have a higher entry ability into host cells compared to immature virions (Murakami et al., 2004; Wyma et al., 2004) . Kol et al. (2007) demonstrated that virion stiffness is reduced during the maturation process. Pang et al. (2013) demonstrated that the reduced stiffness of the virions resulted in an increased entry ability of the virions into the cells. Based on the physical interaction between virion and cell membrane, this suggests that contact mechanics plays a large role during early virion-cell interactions.
The aim of the current study is to develop a mathematical model that allows to investigate the sensitivity of the mechanics of early virion engulfment to changes of morphological and mechanical parameters of HIV virions and host cells to guide future experimental studies.
Methods
The virion engulfment model describes the engulfment energy and the invagination force and was implemented in MATLAB R2014a (Mathworks Inc, Natick, MA, USA). The model is based on continuum models for receptor-mediated endocytosis of viruses that employ contact mechanics and consider ligand-receptor complex formation energy (Gefen, 2010; Sun and Wirtz, 2006) .
Our model assumes a virion-cell arrangement as illustrated schematically in Figure 1 . The process of infection is initiated when the virion ligands (i.e. gp120) dock to the cell receptors (i.e. CD4), the cell starts to engulf a virion (with a radius very small compared to that of the cell, i.e. Rv << Rc) to an engulfment depth d by generating an invagination force F. Due to the large size difference between cell and virion, the cell membrane is approximated as a flat surface. This engulfment process is a critical initial step in triggering fusion between the virion and cell membrane and establishing infection of the host cell. 
Engulfment Energy
The total energy (WT) of the engulfment process comprises three energy terms; namely the adhesion energy (W1), the membrane energy before and after bending during the engulfment process (W2), and the elastic energy of the cytoskeleton deformation (W3):
The adhesion energy gained from ligand-receptor binding, Eq. (2), is utilised to deform the cell membrane, thereby driving the entry process:
Here, φ is the ligand-receptor energy density function and is the area of contact between the virion and the cell. This area can be calculated as the contact area between a sphere and a half-space and is a function of the engulfment depth, d, and the virion radius, Rv, Eq.
(3) (Johnson, 1985) . The radius of a mature and immature HIV virion was taken as 55 nm and 73 nm, respectively (Gentile et al., 1994) :
The receptor-ligand density function φ depends on the energy gained per receptor-ligand complex (f) and the receptor complex density (ρ):
= .
(4)
The energy gained (f) is 10kBT (Sun and Wirtz, 2006) , where kB is the Boltzmann constant (1.3807 x 10 -23 J/K) and T is the absolute temperature which is taken to be 310 K for the human body (Gefen, 2010) . The receptor complex density (ρ) is determined by the ratio of the total number of glycoproteins and the virion surface area (4 2 ). For HIV, each gp120 spike consists of 3 glycoproteins. Therefore, an immature HIV virion with 72 spikes (Gelderblom, 1991; Grief et al., 1989) has 216 glycoproteins, and a mature HIV virion with 10 spikes (Layne et al., 1992) has 30 glycoproteins.
The second energy term, W2, describes the membrane energy before and after bending. This assumes that purely elastic energy is present and does not account for the viscoelasticity of the cytoskeleton and the heterogeneity of the cell. This energy is well described by the Canham-Helfrich theory (Canham, 1970; Helfrich, 1973) , and is defined as:
Here, k is the bending modulus of the cell membrane which is taken to be 20(kBT), and γ is the cellular surface tension which is approximately 0.005(kBT) (Sun and Wirtz, 2006) . 
The normalised total engulfment energy is obtained as
The effective elastic modulus (Eq. (8)) is a function of the elastic modulus of the cell (Ec)
which is 35 kPa (Slomka et al., 2009) , and the elastic modulus of HIV (Ev) which is 440 MPa for mature particles and 930 MPa for immature particles. The Poisson's ratio of the HIV particle (vv) is 0.4 (Ahadi et al., 2013) and that of the cell (vc) is 0.5 (Sun and Wirtz, 2006) . * = (1− 2 ) +(1− 2 ) .
The effective radius R* is a function of the virion radius (Rv) and the cell radius (Rc): * = + .
For the cell radius, both the global radius of the cell (3-4 μm for lymphocytes and 7.5 -40 μm for macrophages) (Kierszenbaum and Tres, 2015) and curvature of the localised cell membrane features in the nanometre range (Gentile et al., 1994) were used.
Invagination Force
The force required for the invagination of the virus into the cell is defined using the Hertz model of frictionless contact between two spheres:
According to Dintwa et al. (2007) the assumption of frictionless contact is reasonable. A normalised engulfment depth  is used to relate the engulfment depth of the virus to the virus radius:
= 2 × 100 .
As the Hertz model is accurate for small deformation only, predictions were limited to a normalised engulfment depth of α ≤ 10% (Gefen, 2010) . Figure 2 illustrates the required invagination force versus engulfment depth of mature HIV particles for various cell sizes. There is no discernible difference in the force required for invagination for the global cell radius of macrophages and lymphocytes (i.e. 4,000 and 40,000 nm, respectively) which are both very large compared to the radius of the HIV particle. However, a considerable decrease of the invagination force is observed when local curvatures are considered that are the same order of magnitude as the virion radius. In Figure 3 , the normalised total engulfment energy versus engulfment depth is illustrated for different HIV particles sizes and different numbers of gp120 spikes, representing particles of different maturity. For a decrease in the size of the virion from an immature virion with a radius of 73 to and a mature virion with a radius of 55 nm, an increase in the absolute magnitude of the normalised total engulfment energy from |-160.0| to |-184.3| is predicted at an engulfment of  = 10%. However, when considering the reduced number of gp120 spikes as a result of maturation, the normalised energy value decreases from |-184.3| (x) to |-90.95|
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(o) for an engulfment depth of 10%, which is even lower than the engulfment energy for an immature virion. 
Discussion
Analytical modelling was used to investigate the impact of certain parameters on the theoretical contact mechanics associated with the virion-cell interactions. The model determines the total engulfment energy and invagination force during the early engulfment phase.
The variation of the global cell radius, representing the difference in size between lymphocytes and macrophages, had very little impact on the required invagination force ( Figure 2 ). This is in line with previous models that investigated the impact of cellular size and determined that the global cell radius has a minimal effect on the mechanics of the virion-cell interaction (Gefen, 2010) .
However, the cell membrane exhibits local morphological irregularities at nanometre length scale (Gentile et al., 1994) . These local surface morphologies with curvatures of the same order of magnitude as those of the virion affected the required invagination force considerably. Our results indicate that cell membrane morphologies with curvatures in the nanometre range substantially reduce the invagination force required during virion engulfment and are potential sites for easier virion entry. This suggests that the surface morphology of cells may play a role in the infection process and infectivity.
The maturation stage of virions had considerable effect on the engulfment energy. A previous study investigated the impact of virion size (Gefen, 2010) , indicating an increase of the magnitude of the engulfment energy in agreement with our results (Figure 3 ). In addition, we found that the reduction in the number of gp120 spikes, associated with virion maturation, leads to a substantial reduction in magnitude of the engulfment energy, primarily due to a lower adhesion energy associated with gp120. The reduction in engulfment energy is likely to reduce the entry ability. This contradicts with previous observations that entry ability increases as virions mature (Jiang and Aiken, 2006; Kol et al., 2007) . An explanation for this contradiction may be that other factors also determine entry ability e.g. conformational changes in gp120 during maturation that impact the functional capabilities of these ligands, and consequently the entry ability of the virion (Murakami et al., 2004; Wyma et al., 2004 ).
The present model has some limitations that should be taken into account. Firstly, the model does not consider viscoelastic phenomena of the virus or the cell. Secondly, as Eqs. 6-10
were derived based on the assumption of small-deformation elasticity, the model is only 9 suitable for the representation of early invagination, hence, calculations were limited to α ≤ 10%.
Nevertheless, based on current model two mechanical physical parameters were identified as candidates for experimental investigations to determine their impact on virion engulfment, i.e. cell surface morphology and conformational changes in gp120 during maturation.
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